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Abstract
A discussion is given of the conformal Einstein field equations coupled with matter whose
energy-momentum tensor is trace-free. These resulting equations are expressed in terms of
a generic Weyl connection. The article shows how in the presence of matter it is possible
to construct a conformal gauge which allows to know a priori the location of the conformal
boundary. In vacuum this gauge reduces to the so-called conformal Gaussian gauge. These
ideas are applied to obtain: (i) a new proof of the stability of Einstein-Maxwell de Sitter-
like spacetimes; (ii) a proof of the semi-global stability of purely radiative Einstein-Maxwell
spacetimes.
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1 Introduction
The Einstein conformal field equations are a powerful tool to prove statements concerning the
stability of vacuum spacetimes —see e.g. [5]. These methods have been extended to deal with
the case of the gravitational field coupled to the Maxwell and Yang-Mills fields [7]. In [8] a more
general version of the vacuum conformal field equations has been developed. These extended
conformal field equations are written in terms of a Weyl connection. The extra gauge freedom
incorporated in this representation of the equations allows the construction of gauge systems based
on conformal structures of the spacetime. As it so often happens in this type of considerations,
a judicious gauge choice based on geometrical considerations can greatly simplify the analysis in
question. An example of the gauge choices that can be employed are the conformal Gaussian
gauge systems introduced in [8] —see as well [10, 11]. The extended conformal field equations
in conjunction with conformal Gaussian systems have been used, among other things: to provide
an existence proof of anti-de Sitter spacetimes [8]; to construct a representation of spatial infinity
allowing for a regular finite initial value problem at spatial infinity [9]; to provide a new proof of
the global stability of the de Sitter spacetime and the semi-global stability of Minkowski spacetime
[16]; and to provide a semi-global stability result of purely radiative vacuum spacetimes [17].
The common feature in the applications described in the previous paragraph is that one is,
ultimately, concerned with solutions to the vacuum Einstein field equations (with or without
a cosmological constant). A key feature of conformal Gaussian systems in vacuum spacetimes
is that the conformal geodesics upon which they are constructed render a canonical conformal
factor which provides a priori knowledge about the location of the conformal boundary of the
spacetime. This property is, however, lost if one considers conformal geodesics on non-vacuum
spacetimes. In this article we show it is possible to get around this difficulty if one considers a
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more general class of conformal curves to construct gauge systems. As in the case of conformal
geodesics in vacuum spacetimes, the conformal curves provide again a canonical conformal factor
which is known prior to evolution.
As an application of the ideas described in the previous paragraph, in this article we will
consider initial value problems for spacetimes (M˜, g˜µν) with cosmological constant λ satisfying
the Einstein-Maxwell field equations
R˜µν − 1
2
g˜µνR˜ = −λg˜µν + T˜µν , (1a)
T˜µν = F˜µλF˜
λ
ν − 1
4
g˜µνF˜λρF˜
λρ (1b)
∇˜µF˜µν = 0, ∇˜[µF˜νλ] = 0, (1c)
where ∇˜ denotes the Levi-Civita connection of the metric g˜µν , R˜µν , R˜ are the associated Ricci
tensor and Ricci scalar, and F˜µν denotes the Maxwell tensor —the conventions for the geometric
quantities used above, will be set out in detail in Section 2. The discussion of the solutions to
equations (1a)-(1b) will be carried out in terms of a conformally rescaled, unphysical metric gµν
related to the physical metric g˜µν according to
gµν = Θ
2g˜µν . (2)
The gauge systems based on the new class of conformal curves are used to provide a new
(simpler) proof of the existence and stability of Einstein-Maxwell de Sitter-like spacetimes. We
also provide a stability proof of purely radiative Einstein-Maxwell spacetimes. These particular
applications lead us to consider the extended Einstein conformal field equations with matter. To
the best of our knowledge, this is the first time these equations are considered. As a simplify-
ing technical assumption, our general considerations will be restricted to matter models with a
trace-free stress-energy tensor —a property satisfied by the electromagnetic field. Although the
particular examples to be considered are only concerned with the Einstein-Maxwell equations,
most of our discussion can be adapted to trace-free perfect fluids (sometimes also called conformal
fluids) —this will be discussed in future work.
Outline of the article
We start by summarising our conventions and the basic ideas behind the notion of conformal
rescaling in Section 2. The conventions follow closely those used in references [16, 17]. Section 3
presents a brief review of the notion of Weyl connection and the transformation formulae for the
connection and the Schouten tensor. Section 4 gives the formulation of the extended conformal
field equations with matter in both a frame and a spinorial formalism. Section 5 introduces the
concept of conformal curves and the associated generalised conformal Gaussian systems. These
gauge systems are instrumental in our subsequent analysis as combined with the extended con-
formal field equations, they render hyperbolic reductions for which the location of the conformal
boundary is know a priori. Section 6 provides a discussion of the procedure of hyperbolic re-
duction for the geometric part of the extended conformal field equations in generalised Gaussian
systems. Section 7 is concerned with the matter part of the field equations, which in the case un-
der consideration is given by the Maxwell field. Section 8 summarises the key structural properties
of the evolution equations implied by the conformal field equations with a view to applications
involving existence and stability results. Section 9 discusses the so-called propagation of the
constraints. Section 10 is concerned with the first application of the methods developed in the
article: a new proof of the stability of Einstein-Maxwell spacetimes which have a global structure
similar to that of the de Sitter spacetime. Finally, Section 11 provides a second application: a
stability result for Einstein-Maxwell radiative spacetimes. This result generalises the analysis for
the purely vacuum case carried out in [17].
2
2 Basics and conventions
2.1 The curvature of the physical spacetime manifold
Throughout this article we work with a spacetime (M˜, g˜µν), where g˜µν , (µ, ν = 0, 1, 2, 3) is a
Lorentzian metric with signature (+,−,−,−). We will denote by ∇˜ the Levi-Civita connection
of g˜µν —that is, the unique torsion-free connection that preserves the metric g˜µν . As in the
introduction, let R˜µνλρ, R˜µν and R˜ denote, respectively, the Riemann curvature tensor, the Ricci
tensor and the Ricci scalar of the Levi-Civita connection ∇˜. The conventions for the curvature
used in this article are such that
R˜µνλρξ
ν =
(
∇˜λ∇˜ρ − ∇˜ρ∇˜λ
)
ξµ, R˜µν = R˜
α
ναµ, R˜ = R˜µν g˜
µν . (3)
For the Riemann tensor one has the decomposition
R˜µνλρ = C˜
µ
νλρ + 2
(
δµ[λP˜ρ]ν − g˜ν[λP˜ρ]σ g˜σµ
)
, (4)
where C˜µνλρ denotes the conformal Weyl tensor of g˜µν , while the trace parts are given in terms
of the Schouten tensor defined by
P˜µν ≡ 12
(
R˜µν − 16 R˜g˜µν
)
In terms of an arbitrary stress-energy tensor T˜µν , it is given by
P˜µν =
1
2 T˜µν − 16 T˜ρσ g˜ρσ g˜µν + λg˜µν , λ ≡ 16 λ˜. (5)
2.2 Conformal rescalings
Let g˜µν and gµν be two Lorentzian metrics which are conformally related according to equation
(2). Let [g˜] denote the conformal class of g˜µν . Two invariants of the conformal class are the
tensor
Sµν
λρ = δµ
λδν
ρ + δν
λδµ
ρ − ηµνηλρ. (6)
and the conformal Weyl tensor
C˜µνλρ = C
µ
νλρ.
The Levi-Civita covariant derivative of the metric gµν will be denoted by ∇. In the sequel, it
will be convenient to consider a frame ek, k = 0, 1, 2, 3 which is orthonormal with respect to the
metric gµν . That is,
g(ei, ej) = ηij . (7)
In what follows frame components are always taken with respect to the frame ek. In particular,
∇i, ∇˜i will denote the covariant derivatives in the direction of ei. Let
Υi ≡ Θ−1∇iΘ.
Furthermore, let Γi
j
k, Γ˜i
j
k denote the connection coefficients of ∇, ∇˜ with respect to the frame
ei. One has that
Γi
j
k − Γ˜ijk = SikjlΥl.
An analogous decomposition to that of equation (4) holds for the Riemann tensor Rµνλρ.
3 Weyl connections
In this article, we will also consider connections ∇ˆ (not necessarily Levi-Civita) which respect the
conformal structure of the conformal class [g˜], in the sense that
∇ˆλg˜µν = −2bλg˜µν , ∇ˆλgµν = −2fλgµν , (8)
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for some 1-forms bµ and fµ. One has that
Γˆµ
λ
ν − Γ˜µλν = Sµνλρbρ, (9a)
Γˆµ
λ
ν − Γµλν = Sµνλρfρ. (9b)
We shall write the above equations as
∇ˆ − ∇˜ = S(b), ∇ˆ − ∇ = S(f).
The fact that g˜µν and gµν are assumed to be conformally related implies
bµ = Υµ + fµ.
The Riemann and Ricci tensors of the Weyl connection ∇ˆ are defined in an analogous way to
(3) and will be denoted by Rˆµνλρ and Rˆµν respectively. The analogue of the decomposition (4)
is given by
Rˆµνλρ = C
µ
νλρ + 2
(
δµ[λPˆρ]ν − δµν Pˆ[λρ] − gν[λPˆρ]σgσµ
)
,
= Cµνλρ + 2Sν[λ
µσPˆρ]σ,
where the Schouten tensor of ∇ˆ, denoted by Pˆµν , is given by
Pˆµν ≡ 12
(
Rˆµν − 12 Rˆ[µν] − 16gµνRˆρλgρλ
)
.
Alternatively, the latter decompositions could have been written using the physical metric g˜µν .
Transformation rules between the curvature tensors of the Weyl connection ∇ˆ and the Levi-
Civita connections ∇˜, ∇ can be found in [10]. Important for the subsequent discussion is the
transformation rule for the Schouten tensor. This is given by
P˜µν − Pˆµν = ∇˜µbν − 12S ρλµν bρbλ (10a)
= ∇ˆµbν + 12S ρλµν bρbλ. (10b)
A similar expression holds between the tensors Pµν and Pˆµν by replacing bµ with fµ, namely:
Pµν − Pˆµν = ∇µfν − 12S ρλµν fρfλ (11a)
= ∇ˆµfν + 12S ρλµν fρfλ. (11b)
Finally, we introduce the Cotton-York tensor associated to the connection ∇ˆ
Yˆµνλ ≡ ∇ˆµPˆνλ − ∇ˆνPˆµλ
The physical Cotton-York tensor can be expressed in terms of T˜µν and T˜µν g˜
µν
Y˜µνλ ≡ ∇˜µP˜νλ − ∇˜ν P˜µλ = ∇˜[µT˜ν]λ − 13 g˜λ[ν∇˜µ]T˜
Remark. It should be noted that above the definitions and decompositions are invariant under
conformal rescaling. Nevertheless, when raising indices or applying contractions we have explic-
itly written out the metric to avoid ambiguity. In the sequel, a frame formalism will be used
throughout. This choice will remove the ambiguity as the frame metric will always be ηij . Con-
sistent with equation (7) the metric gµν and its inverse will be used throughout for raising and
lowering tensorial indices.
4
4 The extended conformal field equations with matter
The idea of vacuum conformal Einstein field equations expressed in terms of the Levi-Civita
connection∇ of a conformally rescaled metric gµν and associated objects was originally introduced
in [2, 3, 4]. The generalisation of these conformal equations to physical spacetimes containing
matter was discussed in [7]. More recently, a more general type of vacuum conformal equations
—the extended conformal Einstein field equations— expressed in terms of a Weyl connection ∇ˆ
has been introduced —see [8]. In this section we discuss how these extended conformal field
equations can be modified to discuss spacetimes with matter.
4.1 Frame formulation
As in the previous section, let ek denote a frame which orthogonal with respect to the metric gµν
so that equation (7) holds. In order to discuss the extended conformal Einstein field equations,
it will be convenient to depart slightly from the point of view taken in the previous section and
regard, for the moment, the connection ∇ only as a metric connection with respect to gµν —i.e.
∇λgµν = 0. Under this assumption, the connection ∇ could have torsion, and thus it would not
be a Levi-Civita connection. The connection coefficients Γi
k
j of ∇ with respect to the frame ek
are defined by the relation
∇iej = Γikjek.
As a consequence of having a metric connection the connection coefficients satisfy
Γi
k
jηkl + Γi
k
lηkj = 0.
The torsion Σi
k
j of the connection ∇ is defined by
Σi
k
jek ≡
(
Γi
k
j − Γjki
)
ek.
If Σi
k
j = 0 so that the connection ∇ is the unique Levi-Civita connection of gµν , the connection
coefficients acquire the additional symmetry
Γi
k
j = Γj
k
i.
Now, given the connection coefficients Γi
k
j of a metric connection as above and a 1-form fµ,
one can define a further connection Γˆi
k
j using the relation
Γˆi
k
j = Γi
k
j + Sij
klfl, (12)
—cfr. (9b). Let Σˆi
j
k denote the torsion of the connection ∇ˆ. It follows directly that
Σi
k
j = Σˆi
k
j . (13)
so that ∇ˆ will not be a Weyl connection unless Σˆikj = 0.
In our subsequent discussion it will be convenient to distinguish between the geometric curva-
ture rˆklij —i.e. the expression of the curvature related to the connection coefficients Γˆi
j
k— and
the algebraic curvature Rˆklij —i.e. the decomposition of the curvature in terms of irreducible
components. One has that
rˆklij ≡ ei
(
Γˆ kj l
)
− ej
(
Γˆ ki l
)
− Γˆ km l
(
Γˆ mi j − Γˆ mj i
)
+ Γˆ ki mΓˆ
m
j l − Γˆ kj mΓˆ mi l + ΣˆimjΓˆmkl,
Rˆklij ≡ Cklij + 2
(
δk [iPˆj]l − δklPˆ[ij] − ηl[iPˆj]k
)
= Cklij + 2Sl[i
kmPˆj]m.
For ease of the subsequent discussion we introduce the following zero quantities :
Σˆi
l
jel ≡
(
Γˆ li j − Γˆ lj i
)
el − [ei, ej ], (15a)
Ξˆklij ≡ rˆklij − Rˆklij (15b)
∆ˆij ≡ ∇ˆifj − ∇ˆjfi − Pˆij + Pˆji, (15c)
∆ˆlij ≡ ∇ˆiPˆjl − ∇ˆjPˆil − bkCklij − Y˜ijl (15d)
Λˆ′lij ≡ ∇ˆkCklij − bkCklij − Y˜ijl. (15e)
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The interpretation of the zero quantities (15a)-(15e) is as follows: the zero quantity given
by (15a) measures the torsion of the connection ∇ˆ; that of (15b) relates the expression of the
curvature of ∇ˆ with its decomposition in terms of irreducible components; equation (15c) is
contraction of (15b) over the first two indices. It is included here for later convenience. Equations
(15d) and (15e) measure the deviation from the fulfilment of the Bianchi identity.
The extended conformal Einstein field equations with matter are then given by
Σˆi
k
jek = 0, Ξˆ
k
lij = 0, ∆ˆlij = 0, Λˆlij = 0. (16)
These equations yield differential conditions for the frame coefficients ei, the spin coefficients Γˆi
j
k,
the components of the 1-form fi, the components of the Schouten tensor Pˆij , and the Weyl tensor
Cklij , respectively. The latter need to be complemented with the energy-momentum conservation
equation
∇˜iT˜ij = 0,
whose particular details will depend on the matter model under consideration.
Note that in equations (16), the 1-form bk relating ∇ˆ and ∇˜ remains unspecified. In the sequel
it will be convenient to introduce the variables
dklij ≡ Θ−1Cklij , (17a)
di ≡ Θbi = ∇iΘ+Θfi. (17b)
In terms of the latter, the last two conformal field equations then read:
∆ˆlij = ∇ˆiPˆjl − ∇ˆjPˆil − dkdklij − Y˜ijl = 0, (18a)
Θ−1Λˆ′lij = Λˆlij = ∇ˆkdklij −Θ−1Y˜ijl − fkdklij = 0. (18b)
As in the case of bk, the newly introduced function Θ and the 1-form dk remain unspecified at
this stage. They will latter be fixed by the choice of a suitable conformal gauge.
Remark 1. If the extended conformal field equations (16) are satisfied then the frame ek can be
used to construct a metric gµν via the relation (7). The connection coefficients Γˆi
j
k give rise to a
torsion-free connection, so that the connection Γi
j
k given by (12) is the Levi-Civita connection of
gµν . Consequently, Γˆi
j
k defines a Weyl connection with conformal Weyl tensor given by C
k
lij and
Schouten tensor Pˆij . Showing that the solution so obtained implies a solution to the Einstein field
equations requires bringing into consideration gauge conditions. This will be discussed together
with the propagation of the constraints in section 9.
Remark 2. As a consequence of the transformation rules for the Schouten tensor (10a)-(10b) and
(11a)-(11b), the zero quantities (15a)-(15e) involved in the extended conformal field equations
(16) transform covariantly (i.e. homogeneously) under a change in the conformal gauge. Thus, if
they are satisfied in one gauge, then they are satisfied in all gauges.
4.2 Spinorial formulation
In the sequel we will make use of a spinorial version of the extended conformal field equations
(16). The use of this type of representation leads to simplifications, in particular, when obtaining
a reduced system of propagation equations. However, we will switch to a frame representation
whenever it is more convenient for the discussion.
The connection between the components of a tensor with respect to an orthonormal basis
and its spinorial counterpart is realised by the constant Infeld-van der Waerden symbols. In
particular, let eAA′ , ∇ˆAA′ , dAA′ denote, respectively, the spinorial counterparts of ei, ∇ˆi, di.
Furthermore, let ΓAA′
BB′
CC′ , ΓˆAA′
BB′
CC′ denote, respectively, the spinorial counterpart of the
connection coefficients Γi
j
k, Γˆi
j
k. As the connection defined by Γi
j
k is assumed to be metric, it
follows that one can write
ΓAA′
BB′
CC′ = ΓBB′
A
CǫC′
B′ + Γ¯A′A
B′
C′ǫC
B, ΓAA′BC = ΓAA′(BC).
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The symmetry condition on the last pair of indices of the spin connection coefficient encodes the
assumption of having a metric connection. For the spin Weyl connection coefficients one has
ΓˆAA′
BB′
CC′ = ΓˆAA′
B
CǫC′
B′ +
¯ˆ
ΓA′A
B′
C′ǫC
B,
with
ΓˆAA′
B
C = ΓAA′
B
C + ǫA
BfCA′ , ΓˆAA′CB = ΓˆAA′(CB).
Let rˆAA
′
BB′CC′DD′ denote the spinorial counterpart of the geometric curvature rˆ
k
lij . For
future use we note the Ricci identity:(
∇ˆCC′∇ˆDD′ − ∇ˆDD′∇ˆCC′
)
µAA
′
= rˆAA
′
BB′CC′DD′µ
BB′ − ΣˆCC′EE
′
DD′∇ˆEE′µAA
′
, (19)
valid for any spinor µAA
′
and where ΣˆCC′
EE′
DD′ is the spinorial counterpart of the torsion. In
our conventions, the geometric and algebraic curvature tensor of a general Weyl connection satisfy
rˆklij = rˆ[kl]ij + 2ηkl∇ˆ[ifj],
Rˆklij = Rˆ[kl]ij − 2ηklPˆ[ij].
Their spinorial counterpart can be decomposed as
rˆAA′BB′CC′DD′ = ǫA′B′ rˆABCC′DD′ + ǫAB ¯ˆrA′B′CC′DD′ ,
RˆAA′BB′CC′DD′ = ǫA′B′RˆABCC′DD′ + ǫAB
¯ˆ
RA′B′CC′DD′
where
rˆABCC′DD′ = rˆ(AB)CC′DD′ +
1
2
ǫAB(∇ˆCC′fDD′ − ∇ˆDD′fCC′),
RˆABCC′DD′ = Rˆ(AB)CC′DD′ −
1
2
ǫAB(PˆCC′DD′ − PˆDD′CC′).
In terms of the reduced spin coefficients ΓˆAA′BC one writes the geometric curvature (assuming
that the torsion vanishes) as
rCDAA′BB′ = eAA′
(
Γˆ CBB′ D
)
− eBB′
(
Γˆ CAA′ D
)
− Γˆ FAA′ B Γˆ CFB′ D + Γˆ FBB′ AΓˆ CFA′ D
−ΓˆAA′F
′
B′ ΓˆBF ′
C
D + ΓˆBB′
F ′
A′Γˆ
C
AF ′ D + Γˆ
C
AA′ F Γˆ
F
BB′ D − Γˆ CBB′ F Γˆ FAA′ D.
4.2.1 The uncontracted spinorial conformal field equations
The spinorial version of the zero quantities (15a)-(15e) is given by
ΣˆAA′
PP ′
BB′ePP ′ ≡ [eAA′ , eBB′ ]− Γˆ CAA′ BeCB′ − Γˆ
C′
AA′ B′eBC′
+Γˆ CBB′ AeCA′ + Γˆ
C′
BB′ A′eAC′, (20a)
ΞˆABCC′DD′ ≡ rˆABCC′DD′ − RˆABCC′DD′ , (20b)
∆ˆCC′AA′BB′ ≡ ∇ˆAA′ PˆBB′CC′ − ∇ˆBB′ PˆAA′CC′
−dPP ′dPP ′AA′BB′CC′ − Y˜AA′BB′CC′ , (20c)
ΛˆCC′AA′BB′ ≡ ∇ˆPP
′
dPP ′CC′AA′BB′ − fPP
′
dPP ′CC′AA′BB′ −Θ−1Y˜AA′BB′CC′ (20d)
In terms of these spinorial zero quantities, the extended conformal field equations are given by
ΣˆAA′
PP ′
BB′ePP ′ = 0, ∆ˆABCC′DD′ = 0, ∆ˆAA′BB′CC′ = 0, ΛˆAA′BB′CC′ = 0. (21)
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4.2.2 The contracted spinorial conformal field equations
Equations (20a)-(20c) are antisymmetric upon interchange of a pair of indices. This structural
property will be used to obtain a contracted version of the equations which will be systematically
used in the sequel. The associated zero quantities are given by
1
2 Σˆ(A|Q|
PP ′
B)
QePP ′ ≡ ∇ˆ(A|Q′|eB)Q
′ − Γˆ(A|Q′|PB)ePQ
′ − ¯ˆΓQ′(AP
′Q′eB)P ′ , (22a)
1
2 Ξˆ(AB)CQ′D
Q′ ≡ 12
(
rˆABCQ′D
Q′ − RˆABCQ′DQ
′
)
, (22b)
1
2∆ˆCC′(A|Q′|B)
Q′ = ∇ˆ(A|Q′|PˆB)Q
′
+ dQC′φABCQ − Y˜ABCC′ , (22c)
and their complex conjugate versions. Above the symmetries of the spinorial counterparts of dklij
and Y˜ijk have been exploited by writing
dAA′BB′CC′DD′ = φABCDǫA′B′ǫC′D′ + φA′B′C′D′ǫABǫCD,
Y˜AA′BB′CC′ = Y˜ABCC′ǫA′B′ + Y˜ A′B′C′CǫAB,
with
φABCD = φ(ABCD), Y˜ABCC′ = Y˜(ABC)C′ .
Using the latter formulae equation (20d) reduces to its more usual form:
ΛˆA′ABC ≡ ∇ˆQA′φABCQ − fQA′φABCQ −Θ−1Y˜ABCA′ .
The extended conformal field equations can be expressed in terms of these contracted zero
quantities as:
Σˆ(A|Q|
PP ′
B)
QePP ′ = 0, Ξˆ(AB)CQ′D
Q′ = 0, ∆ˆCC′(A|Q′|B)
Q′ , ΛˆA′ABC = 0. (23)
It is important to remark that the contracted equations (23) are fully equivalent to (21).
5 Conformal curves and generalised conformal Gaussian
gauge systems
The advantage of considering extended conformal equations in terms of Weyl connections is that
they allow to consider gauge systems based on conformally invariant objects. An example of these
gauge systems are the conformal Gaussian systems introduced in [8, 11]. These gauge systems are
based on conformal geodesics. Conformal Gaussian systems are of great utility in the discussion
of evolution problems for the conformal field equations as they provide a canonical conformal
factor as well as structural simplifications in the form of the evolution equations.
It was shown in [8, 11] that for vacuum spacetimes the conformal factor is quadratic in the
conformal time and can be read of from the initial data of the evolution system. Accordingly,
the location of the conformal boundary is know a priori. This predetermined character of the
conformal factor hinges crucially on the fact that the physical spacetime is vacuum. In the sequel
we show that the conformal geodesic equations in the presence of matter can be modified in such
a way that one has again a conformal factor known a priori.
5.1 A class of conformal curves
Let I ∈ R be an open interval. We will consider a class of conformal curves, xµ(τ), whose tangent
vector vµ ≡ x˙µ is coupled to a 1-form bν via the equations
∇˜vvρ + vµvνS ρλµν bλ = 0, (24a)
∇˜vbν − 1
2
vµS ρλµν bρbλ = H˜µνv
µ. (24b)
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where H˜µν transforms under ∇ = ∇˜+ S(Υ) as
H˜µν −Hµν = ∇˜µΥν − 1
2
S ρλµν ΥρΥλ = ∇µΥν +
1
2
S ρλµν ΥρΥλ. (25)
Equations (24a)-(24b) will be supplemented with a frame propagation equation via
∇˜veρk + vµeνkS ρλµν bλ = 0 (26)
In a slight abuse of terminology, we will call a triple (vµ, bν, e
µ
k ) solving equations (24a)-(24b) and
(26) a conformal curve, since these curves exhibit the conformally invariant behaviour described
in the following lemma.
Lemma 1. Let (xµ(τ), bν(τ), e
µ
k (τ)) be a conformal curve. Then (x
µ(τ), (bν − hν)(τ), eµk (τ))
satisfies (24a), (24b) and (26) expressed in the connection ∇ˇ = ∇˜+S(h). In particular, in terms
of the Weyl connection given by ∇ˆ = ∇˜+ S(b) the conformal curve equations take the form
∇ˆvvµ = 0, Hˆµνvµ = 0, ∇ˆveµk = 0. (27)
Moreover, conformal curves are preserved as point sets under reparametrisations of τ by fractional
linear transformations.
Remark. Comparing (10a)-(11b) and (25) we can see that
J˜µν ≡ P˜µν − H˜µν
= Pˆµν − Hˆµν
= Pµν −Hµν .
Thus, Hˆµνv
µ = 0 implies
Pˆµνv
µ = J˜µνv
µ.
A vector frame satisfying (26) is called Weyl propagated. It is noted that the velocity can be
chosen as one of the frame vectors due to (24a). Suppose along a conformal curve we define
Θ(τ) ≡ |g˜(v, v)|−1/2.
Then Θ(τ) satisfies
Θ˙ = Θ〈b, v〉 (28)
Letting gµν be given as in (2), one finds that g(v, v) = 1. In fact, for a frame e
µ
k the frame metric
ηjk ≡ g(ej , ek)
is constant along the curve. Hence a g-orthonormal frame evolves into a g-orthonormal frame
along the curve. Following an analogous discussion for conformal geodesics given in [11] one
differentiates (28) twice along the curves and substitutes (24a) and (24b) to obtain
...
Θ =
(
∇˜v(H˜(v, v)) + H˜(v, b)g˜(v, v) + 〈b, v〉H˜(v, v)
)
Θ. (29)
Note that for H˜µν = λg˜µν the right hand side vanishes exactly. Thus, the following result holds:
Lemma 2. Suppose that (vµ(τ), bν(τ), ek(τ)) is a solution to the conformal curve equations (24a),
(24b) and (26) with respect to the metric g˜µν such that x(τ) is a timelike curve in M˜ defined on
some open interval I. If g˜µν satisfies the Einstein equations with matter then:
i)
H˜µν = λg˜µν ⇔ J˜µν = 1
2
(
T˜µν − 1
3
T˜ρσg˜
ρσ g˜µν
)
;
9
ii) the conformal factor Θ is given for τ ∈ I by
Θ = Θ∗ + Θ˙∗(τ − τ∗) + Θ¨∗(τ − τ∗)2, (30)
where a quantity with a subscript ∗ is constant along x(τ).
For vacuum spacetimes one has J˜µν = 0 and one recovers known results for conformal geodesics
—see e.g. [8, 11]. In the presence of matter the conformal curves curves given by equations (24a)-
(24b) are no longer conformal geodesics. However, our choice of H˜µν gives the same behaviour for
the canonical conformal factor as in the vacuum case. We will also require the following result:
Lemma 3. Suppose that (vµ(τ), bν(τ), ek(τ)) is a conformal curve as in Lemma 2. Let g˜µν satisfy
the Einstein field equations with matter and H˜µν = λg˜µν . If v
µ = eµ0 at τ = τ0 ∈ I, then
bk(τ) = bµe
µ
k = Θ
−1
(
Θ˙, da∗
)
for τ ∈ I, where da∗ = Θba(τ0), for a = 1, 2, 3.
The proof of this result is a calculation analogous to the one described in the proof of Lemma 3.2
in [8]
5.2 Jacobi fields for conformal curves
Suppose we are given a congruence of conformal curves with velocity v. The separation vector
η satisfies [v, η] = 0 along each conformal curve and will be referred to as a Jacobi field. Recall
that Weyl connections are torsion-free, so that [v, η]− ∇ˆvη+ ∇ˆηv = 0. Thus we get an evolution
equation for η
∂τηk = ∇ˆvηk = ηj(∇ˆjvk)
When the Jacobi field becomes tangent to the curve at a point p we say that p is a conjugate
point. These points are of interest to us for the following reason. If we create Gaussian coordinate
system by dragging spatial coordinates along the congruence beyond a conjugate point then these
are ill-defined. For this reason we measure |η − g(v, η)v|2 = (ηabηaηb) with a, b = 1, 2, 3. As long
as this quantity does not vanish our coordinate system will be well-defined.
5.3 Generalised conformal Gaussian systems
In analogy to the way conformal geodesics have been used in [8, 9, 16, 17], to construct conformal
Gaussian gauge systems, here we will use the conformal curves solving equations (24a)-(24b) and
(26) to construct what we will call generalised conformal Gaussian systems.
Let S˜ be a space-like hypersurface in the spacetime (M˜, g˜µν). On S˜ we choose an initial
conformal factor Θ∗ > 0, a frame field ek∗, and a 1-form b∗ such that
Θ2∗g˜(ei∗, ej∗) = ηij , (31)
and e0∗ is orthogonal to S˜. For fixed H˜µν and given x∗ ∈ S˜ there exists a unique conformal curve
(xµ(τ), bν(τ)), which for τ = 0 passes through x∗ and which satisfies the initial conditions
x˙µ = eµ0∗, bν = bν∗. (32)
If all data are smooth, then in some neighbourhood U ∈ S˜ these curves define a smooth caustic
free congruence covering U . Furthermore, bν defines a smooth 1-form on U which allows to
construct a Weyl connection ∇ˆ. A smooth frame field eµk and the related conformal factor Θ are
obtained in U by solving the propagation equations (26) and (28) for given initial data
eµk = e
µ
k∗, Θ = Θ∗ (33)
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on S˜. Then eµ0 (τ) = x˙µ(τ) on U and we define
χˆi
j ≡ ∇ˆivj = Γˆij0.
The frame one obtains from solving the propagation equation is orthonormal for the metric
gµν = Θ
2g˜µν , while Γˆ0
j
k = 0. Dragging along local coordinates x
a on S˜ with the congruence
and setting x0 = τ , one obtains a coordinate system. A coordinate system, a frame field and a
conformal factor constructed with the above procedure will be known as a generalised conformal
Gaussian system.
We will follow the setup used in [16, 17], where we use a global frame field cs (s = 0, 1, 2, 3)
constructed from the coordinate vectors in such a way that c0 = ∂τ and cr (r = 1, 2, 3) is a
constant linear combination of the spatial coordinate vectors. The frame ek then is written in
terms of its expansion ek = e
s
kcs. The same is done for the spinorial version.
Remark. Above we have set up a generalised conformal Gaussian system in the physical space-
time (M˜, g˜µν). However, due to the conformal invariance of conformal curves proven in Lemma1
the same gauge can also be constructed starting from an spacelike hypersurface Sˇ in a confor-
mally related spacetime (Mˇ, gˇµν) such that S˜ ⊂ Sˇ, M˜ ⊂ Sˇ. The initial data will be related in
the obvious way, with Θ∗ and b∗ changing accordingly while the frame remain the same. We will
make us of this fact later on when constructing a generalised conformal Gaussian system from
hyperboloidal data given on S in the unphysical spacetime (M, gµν).
Due to Lemma1 a generalised conformal Gaussian system is characterised on U by the explicit
conditions
vµ = ∂τ , Γˆ0
j
k = 0, Pˆ0k = J˜0k. (34)
Setting
J˜µν =
1
2
(
T˜µν − 1
3
T˜ρσ g˜
ρσ g˜µν
)
one has, by virtue of Lemma 2, that the solution of the evolution of the conformal factor is known
a priori. In the sequel we will only consider trace-free matter (the Maxwell field). Consequently,
J˜µν =
1
2
T˜µν , ∇˜µJ˜µν = 0.
The latter implies ∇µJµν = 0 if one defines Jµν ≡ Θ−2J˜µν .
6 Hyperbolic reductions of the conformal field equations
In this section we discuss how to extract a symmetric hyperbolic system of propagation equations.
For this, we resort to a space-spinor formalism—see e.g. [21]— based on the spinorial counterpart,
τAA
′
, of a timelike vector τµ in the conformally rescaled spacetime (M, gµν). More precisely, the
vector τµ will be taken to be parallel to the tangent vector vµ to the conformal curves described
in Section 5. The normalisation condition τµτ
µ = 2 will be used.
The reduced symmetric hyperbolic system of evolution equations is to be deduced from the
following contractions of the conformal field equations
τAA
′
ΣˆAA′
PP ′
BB′ePP ′ = 0, τ
CC′ ΞˆABCC′DD′ = 0, τ
AA′∆ˆAA′BB′CC′ = 0, (35)
together with
τ(A
A′ Λˆ|A′|B)CD = 0. (36)
6.1 The space spinor formalism in brief
In what follows, we will consider spin dyads {δA} for which the spinor τAA′ admits the decom-
position
τAA
′
= ǫ0
Aǫ0′
A′ + ǫ1
Aǫ1′
A′ .
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In particular, one has that
τAA′τ
BA′ = ǫA
B. (37)
Using the spinor τAA
′
, the gauge conditions (34) can be rewritten as
τAA
′
eAA′ =
√
2∂τ , τ
AA′ ΓˆAA′
B
C = 0, τ
AA′ PˆAA′BB′ = J˜BB′ . (38)
where J˜BB′ denotes the spinorial counterpart of J˜ijτ
i.
The spinor τAA
′
can also be used to obtain an unprimed version of the spinorial Weyl con-
nection covariant derivative ∇ˆAA′ . More precisely, one has that:
∇ˆAB ≡ τBA
′∇ˆAA′ .
The latter, in turn, can be decomposed in its irreducible parts:
∇ˆAB = 12ǫABPˆ + DˆAB , (39)
where
Pˆ ≡ τAA′∇ˆAA′ , DˆAB ≡ τ(BA
′∇ˆA)A′ .
The differential operator DˆAB is the so-called Sen connection of ∇ˆ relative to the vector field
τAA
′
.
6.2 Hyperbolic reduction of a first model equation
The Procedure and subtleties of deriving hyperbolic equations from the extended conformal equa-
tions (21) will be illustrated with a model equation.
Let MiK and NijK = N[ij]K be two tensorial quantities, where K stands for any set of tensor
or bundle indices, satisfying the equation
∇ˆiMjK − ∇ˆjMiK = NijK. (40)
Two derive an evolution equation we contract with τ i:
∇ˆτMjK − ∇ˆj(MiKτ i) = NijK −MiK(∇ˆjτ i)
from where it follows that
√
2∂τMjK − ∇ˆj(MiKτ i) = N
′
ijK ≡ NijK + τ i(Γˆ li jMlK + Γˆ Li KMjL)−MiK(∇ˆjτ i).
Note that in our setup the connection coefficients in the expression vanish due to our gauge
choice. However, the following analysis is valid without this condition and it should be observed
that these terms have a polynomial form. We note that M0K appears inside the second term.
However, we can not obtain an evolution equation forM0K from equation (6.2) since setting j = 0
in order to get the evolution equation for M0K makes both sides reduce trivially to zero due to
the skew symmetry in ij. Instead, M0K must be determined from the symmetries ofMiK (if any)
or if not, then it must be regarded as free data.
The subsequent discussion of the properties of the model equation (6.2) will be carried out in
the spinor formalism. From the spinorial version of (6.2)
∇ˆAA′MBB′K − ∇ˆBB′MAA′K = N
′
AA′BB′K.
one obtains the contracted versions
∇ˆ(A|P ′|MB)P
′
K =
1
2N
′
(A|P ′|B)
P ′
K, (41a)
∇ˆP (A′MB′)P
′
K =
1
2N
′
P (A′
P ′
B′)K. (41b)
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In order to change to space spinor components it is observed that one has to contract with τ A
′
A
inside the derivative. One uses that MBB′K = −MBPKτPB′ so that
τ A
′
P τ
B′
Q
∇ˆAA′MBB′K = τ A
′
P τ
B′
Q
(
−τRB′∇ˆAA′MBRK −MBRK∇ˆAA′τRB′
)
= ∇ˆAPMBQK −MBRK χˆ RAP Q.
Thus, from (41a)-(41b) one obtains
∇ˆ(A|P |M PB) K = 12N
′′ P
(A|P |B) K ≡ 12N
′ P
(A|P |B) K −M
R
(A |K| χˆ
P
B)PR
∇ˆA(PMAQ)K = 12N
′′ A
A(P Q)K ≡ 12N
′ A
A(P Q)K +M
A
RK χˆ
R
A(P Q).
Using the decomposition (39) for ∇ˆAB and writing MABKas
MABK =
1
2
ǫAPmK +mABK.
one obtains:
− 12 Pˆm(AB)K + 12 DˆABmK + DˆP (AmB)PK = 12N
′′ P
(A|P |B) K,
1
2 Pˆm(PQ)K − 12 DˆPQmK + DˆA(PmAQ)K = 12N
′′ A
A(P Q)K.
Making linear combinations of the latter equations one finally arrives at:
PˆmABK − DˆABmK = E[M ]ABK ≡ 12
(
N
′′ P
P (A B)K −N
′′ P
(A|P |B) K
)
, (42a)
DˆP (AmPB)K = C [M ]ABK ≡ 12
(
N
′′ P
P (A B)K +N
′′ P
(A|P |B) K
)
. (42b)
The terms E
[M ]
ABK and C
[M ]
ABK introduced on the right hand side are formed from the original term
NABK and connection coefficients. It will be seen that in their explicit form they are polynomial
in the variables of our system. We will write the original variable, hereM , in square brackets and
the variables E and C are used to indicate whether the term is for the evolution or the constraint
equation.
Equation (42a) is an evolution equation for the spinorial componentsmABK. In what concerns
the “timelike” components mK (i.e M0K) one will have two possible situations:
(i) there exists an external equation that relates mK and mABK and possibly some other
variables to each other. Then (42a) may lead to a symmetric hyperbolic system of equations
for mABK. A special case of the above mentioned equation arises when MABK has a
symmetry relating the two components;
(ii) mK cannot be reexpressed in terms of the mABK in which case the former is regarded as free
data which has to be specified by means of a gauge choice. This may lead to a transport
equation for mABK.
On the other hand, (42b) is a constraint equation for the componentsmABK which one expects
to hold at latter times if satisfied initially —the so-called propagation of the constraints. Note
that, a priori, there are no constraints for mK.
6.3 Hyperbolic reduction of a second model equation
In the discussion of the propagation of the constraints a different type of model equation will be
considered. In what follows we will briefly discuss its hyperbolic reduction.
LetMijK =M[ij]K and NkijK = N[kij]K denote two tensorial quantities, where again K stands
for any set of spinor indices. The model equation to be considered is given by
∇ˆ[kMij]K = NkijK. (43)
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This type of equation is motivated by the observation that if ω is a 2-form, then its Lie derivative
with respect to a vector field τµ is given by
Lτω = (iτd + diτ )ω,
where iτω denotes the contraction of the 2-form ω with τ
µ. Now, if iτω = 0 (as it is the case
with the the zero quantities associated with the extended conformal field equations), one finds
that
Lτωij = τk∇ˆ[kωij].
In what follows, let ǫijkl denote the components with respect to the frame ek of the volume form
of the metric gµν . Now,
∇ˆ[kMij]K = δ[klδimδj]nNlmnK,
= − 16ǫkijpǫlmnpNlmnK,
= − 13ǫkijp ∗N rprK.
Because of the connection with the Lie derivative, it follows then that
τk∇ˆ[kMij]K = − 13τkǫkijp ∗N rprK,
implies an hyperbolic equation for the tensorial field MijK. The relevance of this equations to
prove the propagation of the constraints depends on whether its right hand side can be casted as
an homogeneous expression of other zero quantities —see Section 9.
6.4 The reduced geometric equations
Following the discussion of the model equation (6.2) in the previous section one introduces the
unprimed spinorial fields e
s
AB, ΓˆABCD and PˆABCD defined by
e
s
AB ≡ τAA
′
e
s
BA′ ,
fAB ≡ τBB
′
fAA′ ,
ΓˆABCD ≡ τBB
′
ΓˆAB′CD,
PˆABCD ≡ τBA
′
τD
C′ PˆAA′CC′ ,
Y˜ABCD ≡ τDC
′
Y˜ABCC′
from which the original spacetime spinors e
s
AA′ (the spinorial version of e
s
k), fAA′ , ΓˆAA′BC ,
PˆAA′BB′ , Y˜ABCC′ can be recovered using the identity (37). Following the discussion from the
previous section, the conformal equations (20a)-(20c) can only yield evolution equations for the
components
e(AB), f(AB), Γˆ(AB)CD, Pˆ(AB)CD.
Due to the absence of further symmetries in the fields eAB, fAB, ΓˆABCD, PˆABCD the components
eQ
Q, fQ
Q, ΓˆQ
Q
CD, PˆQ
Q
CD,
are regarded as freely specifiable, and will be fixed by means of the gauge conditions (38) so that
in particular:
fQ
Q = 0, ΓˆQ
Q
CD = 0, PˆQ
Q
CD = J˜CD.
Consequently one obtains evolution equations of the form
∂τe
s
(AB) = H
[e]
AB, (44a)
∂τf(AB) = H
[f ]
AB, (44b)
∂τ Γˆ(AB)CD = H
[Γ]
ABCD, (44c)
∂τ Pˆ(AB)CD = DˆAB J˜CD + Y˜ABCD +H [P ](AB)CD. (44d)
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where H
[e]
AB is a quadratic expression involving e
s
(AB) and Γˆ(AB)CD; H
[f ]
AB contains a quadratic
expression involving f(AB) and Γˆ(AB)CD and a linear term involving Pˆ(AB)CD; H
[Γ]
ABCD contains
terms quadratic in Γˆ(AB)CD, a quadratic expression involving Θ and φABCD and a linear expres-
sion in Pˆ(AB)CD; finally, H
[P ]
(AB)CD contains quadratic terms in Γˆ(AB)CD and Pˆ(AB)CD and in dAB
and φABCD. Their explicit form will not be important for our subsequent discussion.
As it will be discussed in Section 7.5, the spinor Y˜ABCD for the case of the Einstein-Maxwell
system contains derivatives of the Maxwell field. These terms enter in the principal of equation
(44d). This feature requires us to introduce new field equations —essentially, the covariant
derivative of the Maxwell spinor. The term DˆABJ˜CD in equation (44d) will lead to similar
problems, for it will be seen that J˜CD is quadratic in the Maxwell spinor.
For the evolution of the Jacobi field we split its space spinor into irreducible components
τB
B′ηAB′ =
1
2
ǫABη + ηAB, with η = ηA
A, ηAB = τ(B
B′ηA)B′
Then we get the evolution equations
∂τη =
1
2
ηχˆP
P
Q
Q + ηCDχˆ(CD)Q
Q, (45a)
∂τηAB =
1
2
ηχˆP
P
AB + η
CDχˆ(CD)AB. (45b)
6.5 The reduced Bianchi equation
In order to construct an evolution equation for the Weyl spinor φABCD we consider the zero
quantity
ΛˆABCD ≡ τAA
′
ΛˆA′BCD,
= ∇ˆQAφBCDQ − fQAφBCDQ −Θ−1Y˜BCDA.
Again, using the decomposition (39) one obtains
ΛˆABCD = − 12 PˆφABCD + DˆQAφBCDQ − fQAφBCDQ −Θ−1Y˜BCDA.
Accordingly,
− 2ΛˆABCD = PˆφABCD − 2DˆQ(AφBCD)Q + 2fQ(AφBCD)Q + 2Θ−1Y˜(ABCD). (47)
renders the desired reduced equation. In equation (47) we notice again the presence of the term
Y˜(ABCD) so that the same problem arises as for the reduced equation (44d). We will thus treat this
term in the same way as outline for equation (44d), in order to ensure the symmetric hyperbolicity
of the system. We observe the presence of the potentially singular term Θ−1. However, as will be
seen in the sequel, this term is cancelled out by a a similar term appearing in the explicit form
of Y˜ABCD.
Finally, it is noticed that the remaining content of the zero quantity ΛABCD is contained in
ΛˆP
P
CD = DˆPQφPQCD − fPQφCDPQ −Θ−1Y˜CDPP ,
corresponding to the constraints associated to the Bianchi identity (20d).
7 The spinorial Maxwell equations
Up to this point our discussion has been completely general and irrespective of the trace-free
matter models under consideration. In order to proceed further, explicit information about the
matter model has to be provided —in our case the Maxwell field.
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7.1 The Maxwell equations in the physical spacetime
The physical spacetime Maxwell equations (1c) are equivalent to the spinorial equation
∇˜AA′ φ˜AB = 0, (48)
where the antisymmetric Maxwell tensor F˜µν and the totally symmetric spinor φ˜AB are related
to each other by the correspondence
F˜µν ↔ F˜AA′BB′ ≡ φ˜ABǫA′B′ + ¯˜φA′B′ǫAB,
with
φ˜AB =
1
2
F˜AQ′B
Q′ .
The energy-momentum tensor (1b) is given in spinorial terms by
T˜AA′BB′ = φ˜AB
¯˜
φA′B′ ,
with
∇˜AA′ T˜AA′BB′ = 0.
7.2 The Maxwell equations in the unphysical spacetime
If upon the conformal rescaling (2) one imposes the transformation rule
φAB = Θ
−1φ˜AB, (49)
then one obtains that
∇QA′φBQ = 0. (50)
In terms of the Weyl connection ∇ˆ one has that
∇ˆQA′φBQ = fQA′φBQ. (51)
For later use we define the space spinor φ†AB = τA
A′τB
B′ φ¯A′B′ . For more details on the Hermitian
conjugation map for space spinors, see e.g. [8].
With regards to the stress-energy tensor one has that
TAA′BB′ ≡ φABφ¯A′B′ = Θ−2T˜AA′BB′ , (52)
with
∇AA′TAA′BB′ = 0.
This last property follows from the trace-freeness property of TAA′BB′ in four dimensions [7]. As
a consequence of this discussion, the following zero quantity is introduced:
ωˆA′B ≡ ∇ˆQA′φBQ − fQA′φBQ.
In the sequel it will be seen that in order to obtain a symmetric hyperbolic reduction of
the conformal Einstein-Maxwell equations, it is necessary to introduce the derivatives of the
Maxwell field as a variable. For this, one considers for a given gauge choice a spinorial field
ψˆAA′BC = ψˆAA′(BC) and an associated zero quantity ωˆAA′BC . These two quantities are related
by
ωˆAA′BC ≡ ψˆAA′BC − ∇ˆAA′φBC .
and under a connection change (9b) the spinorial field ψˆAA′BC is adapted as
ψˆAA′BC = ψAA′BC − 2φA(BfC)A′. (53)
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The zero quantity ωˆAA′BC will be handled in the sequel as a constraint. In order to obtain an
equation for ψˆAA′BC we adopt the strategy used in [7] and make use of the Ricci identity —cfr.
equation (19)— for the Weyl connection ∇ˆ applied to the spinor φAB :
∇ˆAA′∇ˆBB′φEF − ∇ˆBB′∇ˆAA′φEF = −2φP (E rˆP F )AA′BB′ − ΣˆAA′PP
′
BB′∇ˆPP ′φEF .
Replacing the derivatives of φAB by ψˆAA′BC and assuming that the conformal equations (21) are
satisfied one obtains the required equation:
∇ˆAA′ ψˆBB′EF − ∇ˆBB′ ψˆAA′EF = −2φP (ERˆP F )AA′BB′ . (54)
To the latter we associate the following zero quantity:
ωˆAA′BB′EF ≡ ∇ˆAA′ ψˆBB′EF − ∇ˆBB′ ψˆAA′EF + 2φP (ERˆP F )AA′BB′ . (55)
Remark. It can be verified from (49) and (53) that the zero quantities ωˆA′B, ωˆA′ABC , ωˆAA′BB′CC′
transform homogeneously upon changes of conformal gauge. This observation is of relevance for
the propagation of the constraints.
7.3 The reduced Maxwell equations
The reduced equations implied by the Maxwell equations (50) is handled in a similar way to the
Bianchi identity (20d) —one considers the unprimed zero quantity
ωˆAB ≡ τAA
′
ωˆA′B,
= ∇ˆQAφBQ − fQAφBQ,
= − 12 PˆφAB + DˆQAφBQ − fQAφBQ.
from where one obtains the propagation equation
− 2ωˆ(AB) = PˆφAB − 2DˆQ(AφB)Q + 2fQ(AφB)Q = 0, (56)
and the constraint
ωQ
Q = DˆPQφPQ − fPQφPQ = 0.
7.4 The reduced equations for the derivatives of the Maxwell spinor
The treatment of the equation associated with the zero quantity ωAA′BB′EF follows the model
discussed in Section 6.2. In particular, one has to consider the contracted zero quantity
1
2
ω(A|Q′|B)
Q′
EF ≡ ∇ˆ(A|Q′|ψˆB)Q
′
EF + 2φP (ERˆ
P
F )(A|Q′|B)
Q′
and its complex conjugate. The procedure described in Section 6.2 then leads to
Pˆψˆ(AB)CD − DˆABψˆP P CD = H [ψ]ABCD, (57)
where ψˆABCD is the space spinor version of ψˆAA′BC given by
ψˆABCD ≡ τBA
′
ψˆAA′CD.
The source termH
[ψ]
ABCD contains quadratic terms involving φABCD and ψABCD, φAB and PˆABCD
and φAB and φABCD. Some of parts of the quadratic expression involving φAB and PˆABCD lead
to terms cubic in φAB. As in the case of the reduced equations (44a)-(44d), the explicit form of
the source H
[ψ]
ABCD will not be required.
The reduction procedure described in the previous lines does not provide an evolution equation
for the components ψˆP
P
CD. To get around this, we write
ψˆABCD = νABCD +
1
2ǫABνCD (58)
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where
νABCD ≡ ψˆ(AB)CD, νCD ≡ ψˆP PCD.
Let also
ν ≡ ψˆPQPQ.
It follows then that
ψˆ(ABCD) = ν(ABCD) ψˆP (BC)
P = νP (BC)
P + 12νBC , ψˆPQ
PQ = νPQ
PQ = ν.
Now, assuming that
ωˆAB = 0, ωˆAA′BC = 0
so that ψˆABCD = ∇ˆABφCD and the Maxwell equations hold, one finds that
νABCD = DˆABφCD (59a)
νCD = PˆφCD = −2DˆQ(CφD)Q − 2fQ(CφD)Q
= −2νQ(CD)Q − 2fQ(CφD)Q (59b)
ν ABAB = DˆABφAB. (59c)
In particular, the relation (59b) allows us to express the full content of the field ψˆABCD in terms of
ν(ABCD), νAB and νPQ
PQ —the term νP (AB)
P being redundant. Substituting the decomposition
(58) into equation (57) one obtains:
Pˆν(ABCD) − Dˆ(ABνCD) = H [ψ](ABCD), (60a)
PˆνQ(BC)Q − DˆQ(BνC)Q = H [ψ]Q(BC)Q. (60b)
Pˆν − DˆPQνPQ = H [ψ]PQPQ. (60c)
Using equation (59b) one finds that
PˆνQ(BC)Q = − 12 PˆνBC − PˆfQ(BφC)Q − fQ(BPˆφC)Q.
Using equation (44b) to replace PˆfQB by H [ψ]AB and equation (56) to express PˆφCQ in terms of
ψˆABCD and a quadratic expression in fAB and φAB it follows from (60b) that
PˆνBC + 2DˆQ(BνC)Q = H ′[ψ]BC , (61)
where H
′[ψ]
BC contains the terms appearing in H
[ψ]
BC as well as a linear combination of the terms
appearing in H
[f ]
AB with terms quadratic in fAB and ψˆABCD and terms cubic in fAB and φAB.
Equations (60a), (60c) together with (61) constitute a symmetric hyperbolic system of equa-
tions for the components ν(ABCD), νAB and ν of the spinorial field ψˆABCD.
7.5 The decomposition of the physical Cotton-York tensor
In vacuum spacetimes the physical Cotton-York tensor Y˜ijk vanishes. Thus, it does not appear
in the Bianchi equations (15e)-(18b). In the case of trace-free matter Y˜ijk is, in general, non-
vanishing and carries information about the physical fields in both equations (15e) and (18b).
The field Y˜ijk can be written in terms of unphysical variables as:
Y˜ijk ≡ ∇˜[iT˜j]k
= Θ2
(
∇ˆ[iTj]k + 3b[iTj]k − 2f[iTj]k − gk[iTj]mgmnbn
)
.
Substituting equations (50) and (52), recalling that ηAA′BB′ ≡ ǫABǫA′B′ is the spinorial counter-
part of ηij and assuming that ψˆAA′BC = ∇ˆAA′φBC i.e. ωˆAA′BC = 0 one obtains
Y˜AA′BB′CC′ =
1
2Θ
2
(
ψˆAA′BC φ¯B′C′ +
¯ˆ
ψAA′B′C′φBC − ψˆBB′ACφ¯A′C′ − ¯ˆψBB′A′C′φAC
+(3bAA′ − 2fAA′)φBC φ¯B′C′ − (3bBB′ − 2fBB′)φAC φ¯A′C′
−ǫCAǫC′A′φBE φ¯B′E′bEE
′
+ ǫCBǫC′B′φAEφ¯A′E′b
EE′
)
.
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From the latter one readily finds that
Y˜ABCC′ ≡ 12 Y˜AQ′BQ
′
CC′ ,
= 12Θ
2
(
ψˆ(A|Q′|B)C φ¯
Q′
C′ + φC(Aψ¯B)Q′
Q′
C′ + 3Θ
−1φC(AdB)Q′ φ¯
Q′
C′
−2φC(AfB)Q′ φ¯Q
′
C′ − ǫC(AφB)E φ¯C′E′bEE
′)
.
The corresponding unprimed version Y˜ABCD can be written entirely in terms of φAB , φ
†
AB , Θ, Θ˙
and dAB, by recalling that
φ¯A′B′ = τ
A
A′τ
B
B′φ
†
AB.
These explicit expressions will not be required in the subsequent discussion. Important to note is
that due to the presence of an overall factor of Θ2 in Y˜ABCC′ , the term Θ
−1Y˜ABCD in equation
(47) is formally regular at the points where Θ = 0.
7.6 Behaviour of the field variables and the zero quantities under gauge
changes
Before discussing the structural properties of the reduced conformal Einstein-Maxwell equations
in Section 8 and the propagation of the constraints in Section 9 we would like to briefly highlight
the topic of gauge choice and gauge invariance. The field variables and the zero quantities that
have been introduced in previous chapters have all been defined for a specific choice of Weyl
connection ∇ˆ, metric gµν , frame {ek} and spinor dyad δA related by (7), (8), (9b).
Implied in their definitions are the transformation rules under gauge change. These rules have
either been explicitly given – e.g. (11b), (49), (53) – or can be derived directly from these rules
and the extended conformal field equations (16). Therefore we refrain from listing them again.
However we would like to highlight that as a particular consequence of these transformation
rules, it follows that the various zero quantities defined in earlier chapters are conformally covari-
ant. Thus if they vanish in one gauge they will also vanish in another. This will be used in the
discussion of the propagation of the constraint in Section 9.
8 Structural properties of the reduced conformal Einstein-
Maxwell equations
We summarise the analysis of Sections 6 and 7 in a form suitable for the applications that will
be given in the sequel.
We introduce the notation
υ ≡
(
e
s
AB, ΓˆABCD, PˆABCD, η, ηAB
)
,
φ ≡ (φABCD) ,
ϕ ≡ (φAB) ,
ψ ≡ (ψABCD) ,
where it is understood that υ, φ, ϕ and ψ contain only the independent irreducible components
of the respective spinors. Let also
u ≡ (υ,φ,ϕ,ψ)
In terms of these quantities the propagation equations (44a)-(44d) can be written as:
∂τυ = Kυ +Q(υ,υ) +R(ϕ,ψ) +T(φ,ψ,υ) + Lφ, (62)
where K denotes a matrix with constant coefficients, Q(υ,υ), R(ϕ,ψ) bilinear vector value
functions with constant coefficients andT(φ,ψ,υ) a trilinear vector valued function with constant
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coefficients. On the other hand, L is a linear matrix-valued function with coefficients depending
on the coordinates. Equations (47), (56) and (60a)-(60c) can be written in the form(√
2E5×5 +A
0
5×5
)
∂τφ+A
r
5×5∂rφ = B(υ)φ+M(ψ,ϕ) +N(ϕ,ϕ), (63a)(√
2E3×3 +A
0
3×3
)
∂τϕ+A
r
3×3∂rϕ = C(υ)ϕ, (63b)(√
2E9×9 +A
0
9×9
)
∂τψ +A
r
9×9∂rψ = D(υ)ψ +U(υ,ϕ) +V(υ,φ) +W(υ,υ,φ), (63c)
where E3×3, E5×5, E8×8 denote, respectively, the 3× 3, 5× 5 and 8× 8 identity matrices, while
A
s
3×3, A
s
5×5, A
s
9×9, s = 0, . . . , 3 are 3× 3, 5 × 5 and 8 × 8 Hermitian matrices depending on the
coordinates. On the other hand B(υ), C(υ), D(υ) denote constant matrix-valued linear function
of the entries of υ, while M(ψ,ϕ), N(ϕ,ϕ), U(υ,ϕ), V(υ,φ) denote bilinear functions with
coordinate dependent coefficients. Finally, W(υ,υ,φ) is a trilinear function. The Hermitian
matrices √
2E3×3 +A
0
3×3,
√
2E5×5 +A
0
5×5,
√
2E9×9 +A
0
9×9
imply real symmetric matrices if one decomposes the entries of φ, ϕ and ψ into real and imaginary
parts. Hence, (62) and (63a) - (63c) give rise to a symmetric hyperbolic system for u.
9 Propagation of the constraints
In this section we show that the conformal constraint equations propagate by virtue of the con-
formal evolution equations, thus implying a solution to the whole conformal field equations. More
precisely,
Lemma 4. Let V be an open subset of S and let U be an open neighbourhood in S × [0,∞).
Assume that the unknowns (υ,φ,ϕ,ψ) given on U represent a smooth solution of the reduced
equations (62), (63a), (63b) and (63c) for data on V satisfying the Einstein-Maxwell conformal
constraint equations. Let gµν be the metric for which the frame obtained from the unknowns υ
is orthonormal and let D+(V) ⊂ U be the future domain of dependence of V with respect to gµν .
Then the conformal Einstein-Maxwell field equations
ΣˆAA′
BB′
CC′ = 0, ΞˆABCC′DD′ = 0, ∆ˆAA′BB′CC′ = 0, ΛˆAA′BBCC′ = 0,
ωˆA′A = 0, ωˆAA′BC = 0, ωˆAA′BB′CD = 0,
are satisfied on D+(V) by the fields (υ,φ,ϕ,ψ). Furthermore, the metric
g˜µν = Θ
−2gµν
is a solution to the (physical) Einstein-Maxwell field equations on
{p ∈ D+(V) | Θ(p) 6= 0}.
The proof of this result follows a combination of the techniques discussed in [7] and in [8]. We
divide the proof in several steps. In order to ease the presentation, in the subsequent discussion we
will use tensorial notation whenever possible. The discussion of the propagation of the constraints
follows the lines of the arguments given in [7, 8]. This argument requires long computations to
obtain a complicated system of subsidiary equations for the various zero quantities involved in
the extended conformal field equations. Since the argument is not particularly illuminating and
for the sake of the presentation, we follow the spirit of previous sections of the article and present
a schematic description of the procedure. In addition, we provide an alternative argument for the
propagation of the constraints based on the local existence results of [7].
(a) Propagation of the constraints as a consequence of the subsidiary equations.
In the subsequent discussion it will be assumed that the reduced conformal field equations
(35)-(36) are satisfied. Furthermore, it will be assumed that the gauge conditions (34) hold.
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We define the following zero quantities associated to the conformal gauge:
δk ≡ bk − fk −Υk,
γij ≡ 12 T˜ij − Pˆij − ∇ˆibj − 12Sijklbkbl,
ςij ≡ Pˆ[ij] − ∇ˆ[ifj] − 12S[ij]klfkfl,
where T˜ij is given by the matter model under consideration. Under the assumption that
equations (35)-(36) and (34) are satisfied, a computation along the lines discussed in [8]
shows that
∂τδk = H
[δ]
k ,
∂τγij = H
[γ]
ij ,
∂τ ςij = H
[ς]
ij ,
where H
[δ]
k is an homogeneous expression in the zero-quantities δk, γij , ςij and Σˆik; H
[γ]
ij is
an homogeneous expression in γij ; finally H
[ς]
ij is homogeneous in Ξˆ
k
lij . The explicit form
of the source terms in the above equations and the evolution equations for the other zero
quantities to be discussed in the sequel will not be required in the following discussion.
The discussion of the propagation equations for the zero quantities Σˆi
j
k, Ξˆ
k
lij and ∆ˆkij
follow the model of equation (43) discussed in Section 6.3. In this case a lengthy computation
shows that
Lτ Σˆijk = H [Σ]ijk,
Lτ Ξˆklij = H [Ξ]klij ,
Lτ ∆ˆkij = H [∆]kij ,
where H [Σ]i
j
k is a homogeneous expression in the zero-quantities Σˆik and Ξˆ
k
lij ; H
[Ξ]k
lij is
an homogeneous expression on the geometrical equations zero-quantities Ξˆklij , ∆ˆkij , Σˆi
j
k,
Λˆkij and the gauge zero-quantity δk; finally H
[∆]
kij is homogeneous in the geometrical
equations zero-quantities ∆ˆkij , Σˆik, Λˆkij , the gauge zero-quantities γij and δk, and the
tensorial counterpart of the spinorial matter zero-quantities ωˆA′A, ωˆAA′BC , ωˆAA′BB′CD.
The construction of a propagation equation equation for the Bianchi equation Λˆkij is slightly
different. Following the discussion in [8] one considers the quantity ∇ˆkΛˆkij . A lengthy
manipulation using the definition of Λˆkij and symmetries of the Weyl tensor shows that
∇ˆkΛˆkij = H [Λ]ij ,
whereH
[Λ]
ij depends homogeneously on the geometrical zero-quantities Ξˆ
k
lij , Σˆi
j
k, the gauge
zero-quantity ςij , and the tensorial counterpart of the matter zero-quantities ωˆA′A, ωˆAA′BC ,
ωˆAA′BB′CD. Now, the spinorial counterpart of ∇ˆkΛˆkij is given by ∇ˆPP ′ ΛˆP ′PBC . A space-
spinor decomposition shows that the components of ΛˆA′ABC satisfy a symmetric hyperbolic
equation. In particular, for the Bianchi constraint one has that
PˆΛˆP PAB − DˆQ(AΛˆP PB)Q = H [Λ]AB,
where H
[Λ]
AB has the same dependence on zero-quantities as H
[Λ]
ij .
Finally, for the constraints associated to the matter equations (the Maxwell field) one has
that an analogous procedure to the one described in [7] renders also symmetric hyperbolic
equations for the components of ωˆA′A, ωˆAA′BC , ωˆAA′BB′CD which are homogeneous in the
matter zero-quantities themselves and in the geometric zero-quantities.
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Summarising: in the gauge (38) and as a consequence of the reduced equations the geomet-
rical zero-quantities
ΣˆAA′
BB′
CC′ , ΞˆABCC′DD′ , ∆ˆABCC′ , ΛˆA′ABC ,
together with the Maxwell zero-quantities
ωˆA′A, ωˆAA′BC , ωˆAA′BB′CD
and the gauge zero-quantities
δAA′ , γAA′BB′ , ςAA′BB′
form a symmetric hyperbolic system which is homogeneous in the zero quantities themselves.
Accordingly, if the zero-quantities vanish on V ⊂ S, then the zero-quantities vanish on
D+(V). Hence one has a solution to the conformal Einstein-Maxwell field equations of
D+(V).
(a’) An alternative argument for the propagation of the constraints.
An argument involving less computations to prove the propagation of the constraints can
be obtained by directly exploiting the local existence results of [7]. In what follows we
consider the extended conformal field equations (20a)-(20d) in an arbitrary gauge. We
notice that if one sets fAA′ = 0 in these equations, then from equation (17b) it follows
that dAA′ = ∇AA′Θ, and hence, the arbitrary Weyl connection ∇ˆ reduces to the associated
Levi-Civita connection ∇. In order to obtain the full correspondence with the conformal
equations of [7] one has to prescribe equations for the conformal factor Θ and the 1-form
dAA′ . The relevant equations are given by
∇AA′dBB′ = ∇AA′∇BB′Θ = −ΘPAA′BB′ + s ǫABǫA′B′ + 12Θ T˜AA′BB′ , (64a)
∇AA′s = −PAA′BB′∇BB
′
Θ+ 12 T˜AA′BB′∇BB
′
Θ, (64b)
6Θ s− dPP ′dPP
′
= λ˜. (64c)
with
s ≡ 14∇PP ′∇PP
′
Θ+ 124RΘ.
Equations (64a)-(64c) arise from the transformation rule for the Schouten tensor under
conformal rescalings and from the definition of s. It should be noted that these equations
are not required in the particular type of hyperbolic reduction considered in this article as
both Θ and dAA′ are fixed by the gauge of Section 5.3 —the generalised conformal Gaussian
systems.
From the theory in [7] one has that given initial data satisfying the conformal constraint
equations on V ⊂ S, there exists W ⊂ D+(V) in which the “standard” conformal field
equations are satisfied. In particular, this implies the existence of a physical spacetime with
metric g˜µν . The solution constructed by the procedure of [7] is unique up to conformal
rescalings, coordinate transformations and a choice of frame. For the subsequent discussion
we denote the conformal factor, metric and associated Levi-Civita connection thus obtained
by Θˇ, gˇµν and ∇ˇ. The metrics gˇµν and g˜µν are related via
gˇµν = Θˇ
2g˜µν .
Now, consider on V ⊂ S initial data for the ∇ˇ-version of the equations (24a)-(24b) to
construct a timelike congruence of conformal curves. It follows from standard theorems on
the existence of ordinary differential equations that given a set of initial data for these curves,
one can always find a smaller subset W ′ ⊂ W such that the congruence is free of conjugate
points. Thus, through every point p ∈ U ′ we have a unique conformal curve starting on
V . In particular, one can choose initial data for the congruence so that one obtains a
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generalised conformal Gaussian system like the one described in Section 5. The solution to
the ∇ˇ-version of the conformal curve equations gives a 1-form bˇµ onW ′. Furthermore, recall
that given initial data on V one can construct a preferred conformal factor ✵ˇ by solving the
appropriate version of equation (28):
˙ˇ
✵ = ✵ˇ〈bˇ, v〉.
In particular, one may choose as initial data ✵ˇ∗ = 1 on V . This choice connects the metric
gˇµν with the unique metric gµν for which the tangent vectors v
µ to the congruence of
conformal curves are taken to be orthogonal to S and satisfy
g(v, v) = 1.
One can use bˇ and ✵ˇ to construct a Weyl connection ∇ˆ = ∇ˇ + S(bˇ) and the associated
Levi-Civita connection ∇ = ∇ˇ+ S(✵ˇ−1d✵ˇ).
By construction, the standard conformal field equations, and hence the extended conformal
field equations, are satisfied in the gauge of the connection ∇ˇ. As observed in Sections 3,4
and 7 the zero quantities used in the formulation of the extended conformal field equations
are conformally covariant. Thus, if the extended conformal field equations are satisfied
in the gauge ∇ˇ, then they are also satisfied in that given by ∇ˆ. As a consequence, the
reduced conformal field equations associated to the constructed congruence hold. Since the
solution to the reduced conformal field equations is unique, it follows that using the above
initial data one must obtain the same solution for (62), (63a), (63b) and (63c) as the one
constructed above. In particular, one can finally conclude that the constraint equations
must be satisfied throughout W ′.
(b) A solution to the conformal Einstein-Maxwell field equations implies a solution
to the physical Einstein-Maxwell field equations.
Assume now that on U one has a solution to the extended Einstein-Maxwell conformal field
equations —that is,
ΣˆAA′
BB′
CC′ = 0, ΞˆABCC′DD′ = 0, ∆ˆAA′BB′CC′ = 0, ΛˆA′BCD = 0,
ωˆA′A = 0, ωˆAA′BB′CD = 0.
Assume also that the additional zero quantities satisfy
ωˆAA′BC = 0, δAA′ = 0, γAA′BB′ = 0, ςAA′BB′ = 0.
The solution to the reduced conformal field equations provides, in particular, fields
eAA′ , fAA′ ΓˆAA′
BB′
CC′ on U ,
where in this discussion the 1-form fAA′ is defined via
fAA′ ≡ ΓˆAA′QQ.
as ΣˆAA′
BB′
CC′ = 0. The connection coefficients ΓˆAA′
BB′
CC′ give rise to a torsion-free
connection ∇ˆ. Motivated by the relation (7) one can use the frame eAA′ and the frame
metric ηAA′BB′ ≡ ǫABǫA′B′ to construct a metric gµν . By construction eAA′(ǫCD) = 0 so
that
∇ˆAA′ǫCD = −ΓˆAA′QQǫCD = −fAA′ǫCD,
which is the spinorial counterpart of
∇ˆµgνλ = −2fµgνλ.
Thus, ∇ˆ is a Weyl connection for the metric gµν . Motivated by (12), one defines the
connection ∇ with connection coefficients
ΓAA′
CC′
BB′ ≡ ΓˆAA′CC
′
BB′ − SAA′BB′CC
′PP ′fPP ′ .
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then
∇AA′ǫCD = 0,
so that ∇µgνλ = 0 —that is, ∇ is a metric connection. Using the invariance of the torsion
under change of connection —cfr. equation (13)— it follows that ∇ is torsion free. Thus,
because of uniqueness, ∇ must be the Levi-Civita connection of gµν .
Now, from
ΞˆABCC′DD′ ≡ rˆABCC′DD′ − RˆABCC′DD′ = 0,
the fields PˆAA′BB′ and φABCD on U obtained as a solution of the reduced conformal field
equations can be identified, respectively, with the Schouten and Weyl spinors of the Weyl
connection ∇ˆ—recall that the decomposition in terms of irreducible components is unique.
Due to conformal invariance, the Weyl tensor of the Weyl connection ∇ˆ is also the Weyl
tensor of the Levi-Civita connection ∇.
Motivated by the rescaling (2) we use the transformation rule (9a) to define a physical
connection ∇˜. From δAA′ = 0 one has that
bAA′ = ΥAA′ + fAA′ ,
and accordingly ∇˜ is the Levi-Civita connection of the metric g˜µ ≡ Θ−2gµν . Using the
transformation rule (10b) one finds that the physical Schouten spinor is given by
P˜AA′BB′ ≡ PˆAA′BB′+∇ˆAA′ (fBB′ +ΥBB′)+ 12SPP
′QQ′
AA′BB′ (fPP ′ +ΥPP ′) (fQQ′ +ΥQQ′) .
Note that since ςAA′BB′ = 0, one has that
P˜AA′BB′ − P˜BB′AA′ = 0, P˜[ij] = 0.
Furthermore, from γAA′BB′ = 0 one finds that
P˜AA′BB′ =
1
2 T˜AA′BB′ , P˜ij =
1
2 T˜ij . (65)
From the field equations ωˆA′A = 0, ωˆAA′BB′CC′ = 0 and the constraint ωˆAA′BC = 0, one
has that φ˜AB satisfies the physical Maxwell equations. Thus, T˜AA′BB′ defined by
T˜AA′BB′ = φ˜AB φ˜A′B′ ,
is the energy momentum tensor of the Maxwell field and the equations given in (65) are
equivalent to the Einstein-Maxwell field equations.
10 A first application: stability of Einstein-Maxwell de
Sitter-like spacetimes
The use of a gauge based on the conformal curves described in section 5 allows to directly
transcribe the analysis of the conformal boundary for vacuum de Sitter-like spacetimes to the
case of Einstein-Maxwell de Sitter-like spacetimes.
For the Sitter-like spacetimes one can formulate two slightly different Cauchy initial value
problems: one where initial data is prescribed on a standard Cauchy hypersurface, and a second
one where the data is prescribed on one portion of the conformal boundary—say, past null infinity.
The de Sitter-like spacetimes that will be considered have Cauchy slices with the topology of S3.
The construction of suitable coordinate systems and a frame vectors this type of configurations
has been discussed in detail in [16, 17].
10.1 Structure of the conformal boundary
Following the general ideas of [16], here we present a brief discussion of the structure of the
conformal boundary of de Sitter-like Einstein-Maxwell spacetimes.
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10.1.1 Standard Cauchy problem
If the initial hypersurface S is a standard Cauchy hypersurface one has that
Θ = Θ∗
(
1 + τ〈b∗, v∗〉+ 1
2
τ2
(
λ˜Θ−2∗ +
1
2
g♯(b∗, b∗)
))
,
for some Θ∗ 6= 0. The conformal factor vanishes at
τ± =
−2Θ∗〈d, v〉∗ ± 2Θ∗
√
|2λ˜+ g♯(d, d)∗|
2λ˜+ g♯(d, d)∗
.
One has then that
I
± = {τ±} × S. (66)
Furthermore, ∇kΘ∇kΘ = −2λ˜, so that both components of null infinity are space-like.
10.1.2 Cauchy problem on past null infinity
In the case of an initial value problem prescribed on null infinity, one has that Θ∗ = 0 so that
Θ = 〈d, v〉∗τ + 1
2
Θ¨∗τ
2
Combining (64c) and Lemma 3 one finds that g♯(d, d)∗ = −2λ˜ and, if one sets d∗ = (∇Θ)∗, that
dk(τ) =
(√
−2λ˜+ Θ¨∗τ, 0, 0, 0
)
.
The conformal factor vanishes at
I
− = {τ = 0} × S, I + =
{
τ = −2Θ˙∗/Θ¨∗
}
× S. (67)
Note that the location of I + is determined by the free data Θ¨∗.
10.2 Stability of Einstein-Maxwell de Sitter-like spacetimes
Combining the a priori knowledge on the structure of the conformal boundary discussed in the
previous sections with the structural properties of the reduced equations (62), (63a), (63b), (63c)
discussed in Section 8, Lemma 4 on the propagation of the constraints, and Kato’s existence
and stability theorems for symmetric hyperbolic systems [13, 14, 15] one obtains the following
existence and stability result for de Sitter-like Einstein-Maxwell spacetimes. The proof is identical
to that in [16, 17] and it is omitted. Let in what follows u˚ denote the solution to the reduced
equations (62), (63a), (63b), (63c) corresponding to the (vacuum) de Sitter spacetime.
Theorem 1. Let u0 = u˚0+u˘0 be Einstein-Maxwell Cauchy (standard or at past null infinity) data
for a de Sitter-like spacetime. There exists ε > 0 such that if u˘0 is sufficiently small, then there
exists on [τ−, τ+]×S a unique smooth solution u = u˚+ u˘ to the conformal propagation equations
(62), (63a), (63b), (63c) such that the associated congruence of conformal curves contains no
conjugate points in [τ−, τ+]. The field u implies a smooth solution to the Einstein-Maxwell field
equations with positive cosmological constant for which the sets I ± defined by (66) —in the
standard Cauchy problem— or by (67) —in the Cauchy problem with data at null infinity—
represent past and future null infinity.
Remark. Note that this stability result for Einstein-Maxwell spacetimes is given with respect
to a vacuum reference spacetime.
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11 A second application: stability of Einstein-Maxwell ra-
diative spacetimes
As a second example of our approach, we obtain a generalisation of the stability results for purely
radiative spacetimes discussed in [17]. In contrast to the stability proof for de Sitter-like Einstein-
Maxwell spacetimes, in this case the reference solution has a non-vanishing electromagnetic field.
For the sake of conciseness most of the technical details are omitted and we only remark on those
aspects of the analysis that differ from the treatment for vacuum spacetimes given in [17].
11.1 Einstein-Maxwell initial data sets with vanishing mass
In what follows, a static solution to the Einstein Maxwell solutions (an electrostatic solution) will
be understood to be a triple (h˜αβ , Φ˜, Ψ˜), solving the electrostatic field equations. The (negative
definite) Riemannian 3-metric h˜αβ is the metric of the quotient manifold, and Φ, Ψ denote,
respectively, the gravitational and electric potentials. Any static, asymptotically flat solution to
the Einstein-Maxwell equations admits an analytic compactification of a neighbourhood of spatial
infinity i —see [20]. The triple (h˜αβ , Φ˜, Ψ˜) can be suitably rescaled to render another triple
(hαβ ,Φ,Ψ) which is analytic in a neighbourhood Ba(i) and solves the conformal electrostatic field
equations. Any such triple gives rise to a solution (h¯αβ , Ω¯, E¯α) of the (conformally rescaled) time
symmetric Einstein Maxwell constraints
r¯ = 2Ω¯2E¯αE¯
α + 8Ω¯1/2D¯αD¯
α(Ω−1/2),
D¯αE¯
α = 0.
with vanishing mass and charge —here D¯ and r¯ denote, respectively, the Levi-Civita connection
and Ricci scalar of the metric h¯αβ ; the tensor E¯α is the electric field. From (h¯αβ , Ω¯, E¯α) one
can construct initial data for the extended conformal field equations. In particular, data for the
Schouten and Weyl tensors are given, respectively by the expressions
P¯αβ = −Ω¯−1C
(
D¯αD¯βΩ¯
)− Ω¯2C (E¯αE¯β)+ 112 (r¯ − 2Ω¯2E¯αE¯α − 8Ω¯1/2D¯αD¯α(Ω¯−1/2)) hαβ ,
d¯αβ = Ω¯
−2C(D¯αD¯βΩ¯) + Ω¯−1C(r¯αβ) + Ω¯C(E¯αE¯β),
which can be shown to be analytic in Ba(i). In these last expressions, C denotes the trace-free
part of the tensor in parenthesis.
11.2 Construction of a reference radiative Einstein-Maxwell spacetime
Let (h¯αβ , Ω¯, E¯α) on S¯ be one of the solutions to the time symmetric conformal constraint discussed
in the previous subsection. For the present purposes it will be convenient to consider a conformal
factor Ω¯ which is negative —this obtained by making the obvious sign changes in the relevant
equations. By construction Ω¯ satisfies the following asymptotic flatness conditions :
Ω¯ < 0 on S¯ \ i, Ω¯(i) = 0, DAΩ¯(i) = 0, DADBΩ¯(i) = 2hAB(i). (68)
We work in a suitably small neighbourhood, Ba(i) ⊂ S¯ such that all the statements made in the
sequel make sense. We use the coordinates xA, A = 1, 2, 3 centred at i and consider the following
initial data for a congruence of conformal curves:
τ¯∗ = 0, x˙
µ = n¯µ, Θ¯∗ = Ω¯,
˙¯Θ∗ = 0, d¯∗ ≡ Θ¯∗b¯∗ = (dΘ¯)∗. (69)
The coordinates xA are extended off S¯ by dragging along the congruence of conformal curves to
obtain generalised conformal Gaussian coordinates. It can be readily verified that ¨¯Θ > 0 on S¯.
It follows that along each conformal curve the conformal factor Θ¯ is given by
Θ¯(τ¯ ) = Ω¯ +
1
2
¨¯Θ∗τ¯
2 = Ω¯
(
1− τ¯
2
ω¯2
)
, ω¯ ≡
√
2Ω¯
¨¯Θ∗
, ω¯(i) = 0. (70)
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Define now the conformal boundary, I¯ , in a natural way as the locus of points in the development
of the data on S¯ for which Θ¯ = 0 and dΘ¯ 6= 0. It is easy to see that a conformal curve with data
given by (69) passes through I¯ whenever τ¯ = ±ω¯.
Having located the conformal boundary for the evolution of data on Ba(i) for the Einstein-
Maxwell system, one can discuss now the existence of solutions to the propagation system given
by (62), (63a), (63b), (63c). For this we extend the data on Ba(i) to data on the whole of S¯ ≃ S3
in the way discussed in [5, 16]. Using the same methods as in [17] and Lemma 4 one obtains the
following local result:
Theorem 2. Given radiative data for the conformal Einstein-Maxwell equations, there exist a
T¯0 > 0 and on M˚ ≡ [−T¯0, T¯0] × S¯ a unique smooth solution u to the propagation equations
(62), (63a), (63b), (63c). The solution u implies a solution to the conformal Einstein-Maxwell
equations on
M≡ M˚ ∩ I−(i) ⊂ D(Ba(i)).
The spacetime (M\ I¯ , g˚µν) implied by the solution to the conformal Einstein-Maxwell field equa-
tions is conformally related to an Einstein-Maxwell spacetime spacetime, (M\ I¯ , Θ¯−2g˚µν), with
vanishing cosmological constant. The spacetime (M \ I¯ ,Θ−2g˚µν) is a radiative spacetime for
which the set I¯ + corresponds to its future null infinity, while the point i+ = (0, i) ∈ {0} × S¯ is
its future timelike infinity.
The conformal affine parameter τ¯ defines, in a natural way, a foliation of the manifold M˚.
Let Sτ¯ denote the surfaces of constant τ¯ . For fixed τ¯ one has that Sτ¯ is diffeomorphic to S3. Let
τ¯0 ∈ (0, T¯0) and define
S0 ≡ {−τ¯0} × S3, Z ≡ {p ∈ S0|Θ¯ = 0}.
The set S0 intersects null infinity in a hyperboloidal way. Furthermore, let
H˚ ≡ {p ∈ S0|Θ¯ > 0}.
Define
τ ≡ τ¯ + τ¯0, Θ˚(τ) ≡ Θ¯(τ − τ¯0)
so that τ = 0 on S0 and
Θ˚(τ) = Ω¯
((
1− τ¯
2
0
ω¯2
)
+ 2
τ¯0
ω¯2
τ − 1
ω¯2
τ2
)
.
The initial value of Θ˚ on S0 will be denoted by Ω˚. It can be verified that Ω˚ is a boundary defining
function. In what follows, let
u˚(τ, x) ≡ u(τ − τ¯0, x).
The following is an obvious corollary of theorem 2 —for details of the proof see the analogous
construction in [16].
Corollary 1. The field u˚(τ, x) implies hyperboloidal data on H˚ for the conformal Einstein-
Maxwell field equations.
11.2.1 Structure of the conformal boundary
We consider now hyperboloidal data which is “close” in some suitable sense to the hyperboloidal
data given by corollary 1. Using analogous arguments to the ones used in [17] one can prove the
following result.
Proposition 1. Given a radiative electrovacuum hyperboloidal initial data set (H, hαβ ,Kαβ,Ω)
sufficiently close to a reference radiative electrovacuum data (H˚, h˚αβ, K˚αβ , Ω˚), there exists a choice
of initial data for the congruence of conformal curves such that the conformal factor Θ is given
by
Θ = Θ∗ + Θ˙∗τ + Θ¨∗τ
2, (71)
27
with
Θ∗ = Ω, Θ˙∗ = 〈d, e0〉, 2ΩΘ¨ = g♯(d, d)∗.
Furthermore, if the point i+ ≡ (−Ω/Θ˙∗, 0, 0, 0) is contained in the development of the initial
data, then it is the unique point at which the conformal factor Θ satisfies the (timelike infinity)
conditions
Θ(i+) = 0, dΘ(i+) = 0, Hess Θ(i+) non-degenerate.
As it is customary, let I (null infinity) denote the set of points for which Θ = 0 where the
conformal factor is given by (71).
11.2.2 A stability result for purely radiative spacetimes
The information about the conformal boundary of a hypothetical radiative Einstein-Maxwell
spacetime arising from hyperboloidal data which is contained in Proposition 1 allows to readily
obtain a stability result for a spacetime belonging to the class arising from Theorem 2. The proof
of the following result is similar to that in [17] —see also[6, 16].
Theorem 3. Let u0 = u˚0 + u˘0 be hyperboloidal initial data for the Einstein-Maxwell conformal
field equations. Given τ+ ≡ −Ω/Θ˙∗ and if u˚0 is sufficiently small, there exists on [0, τ¯0] × S a
unique solution u = u˚ + u˘ to the (reduced) conformal propagation equations (62), (63a), (63b),
(63c) such that the associated congruence of conformal curves contains no conjugate points in
[0, τ+]. The solution u = u˚+ u˘ on D+(S) implies a smooth solution (M, g˜) to the electrovacuum
Einstein field equations with vanishing cosmological constant, where g˜µν = Θ
−2gµν with Θ given
by (71). The spacetime (M, g˜) has a conformal boundary given by the set of points for which
Θ = 0. The conformal boundary consists of the set I , which represents future null infinity, and
the point i+ ≡ (τ+, 0, 0, 0), which represents timelike infinity.
Remark. The purely radiative spacetimes used as reference solutions in our analysis are not
perturbations of the Minkowski spacetime. A way of seeing this is to consider the Newman-
Penrose constants of the spacetime. The Newman-Penrose constants are a set of absolutely
conserved quantities defined as integrals of certain components of the Weyl tensor and the Maxwell
fields over cuts of null infinity —see [18, 19] and [1] for the Einstein-Maxwell case. In [12] it has
been shown that the value of the Newman-Penrose constants for a vacuum radiative spacetime
coincides with the value of the rescaled Weyl spinor at i+ —this result can be extended to the
electrovacuum case using the methods of this article. For the radiative spacetimes arising from the
construction of [20] it can be seen that the value of the Weyl spinor at i+ is essentially the mass
quadrupole of the seed static spacetime. It follows, that the Newman-Penrose constants of the
radiative spacetime can take arbitrary values. On the other hand, for the Minkowski spacetime,
the Newman-Penrose constants are exactly zero, and those of perturbations thereof will be small.
Thus, in this precise sense, our radiative spacetimes are, generically, not perturbations of the
Minkowski spacetime, unless all the Newman-Penrose constants vanish.
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